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Modeling Change Over 
Time



Growth Model

• The growth model (Wishart, 1938) has long been 
the main analytic technique for studying change 
over time



Growth Model

• Model decomposes repeated measures data into a 
(more or less) smooth trajectory of true scores plus 
error scores

• Smooth trajectory is often a predetermined 
mathematical function of time

• Generally, participants are expected to follow the same 
type of mathematical function (e.g., linear, logistic), but 
participants are allowed to have different parameters of 
the function

• Error scores are often assumed to be normally 
distributed with constant variance over people and time



Growth Model

• Commonly specified models can be estimated in 
either the structural equation modeling (SEM) or 
mixed-effects modeling (MLM) frameworks

• Over time, fewer differences between the two 
frameworks exist (see Ghisletta & Lindenberger, 
2004; Grimm, Ram, & Estabrook, 2017)

• Truly nonlinear models can only be directly estimated in 
the nonlinear mixed-effects modeling framework (with 
an approximation of the integral of the likelihood 
function)



Growth Model
(General Specification)

• For 𝑖𝑖 in 1 to 𝑁𝑁 and 𝑡𝑡 in 1 to 𝑇𝑇, 
𝑦𝑦𝑡𝑡𝑡𝑡 = 𝑓𝑓 𝒃𝒃𝑡𝑡 , 𝑥𝑥𝑡𝑡𝑡𝑡 + 𝑒𝑒𝑡𝑡𝑡𝑡

• 𝑦𝑦𝑡𝑡𝑡𝑡 outcome for person 𝑖𝑖 measured at time 𝑡𝑡
• 𝑓𝑓 𝒃𝒃𝑡𝑡 , 𝑥𝑥𝑡𝑡𝑡𝑡 is a linear or nonlinear function, where 𝒃𝒃𝑡𝑡

is a vector of random coefficients for person 𝑖𝑖, and 
𝑥𝑥𝑡𝑡𝑡𝑡 is the value of the time metric for person 𝑖𝑖 at 
time 𝑡𝑡

• 𝒃𝒃𝑡𝑡~𝑁𝑁 𝜷𝜷,𝚿𝚿
• 𝑒𝑒𝑡𝑡𝑡𝑡 is the residual for person 𝑖𝑖 at time 𝑡𝑡

• 𝑒𝑒𝑡𝑡𝑡𝑡~𝑁𝑁 0,𝜎𝜎𝑒𝑒2



Latent Growth Model 
(SEM specification)

𝒚𝒚𝑡𝑡 = 𝚲𝚲 � 𝒃𝒃𝑡𝑡 + 𝒆𝒆𝑡𝑡

• 𝒚𝒚𝑡𝑡 is a 𝑇𝑇 × 1 vector of observed scores for person 𝑖𝑖
• 𝚲𝚲 is a 𝑇𝑇 × 𝑄𝑄 matrix of factor loadings
• 𝒃𝒃𝑡𝑡 is a 𝑄𝑄 × 1 vector of latent variable scores

• 𝒃𝒃𝑡𝑡~𝑁𝑁 𝜷𝜷,𝚿𝚿
• 𝒆𝒆𝑡𝑡 is a 𝑇𝑇 × 1 vector of residual or unique scores for 

person 𝑖𝑖



Linear Growth Model
(Path diagram)
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Common approaches to 
studying differences in change



Differences in change

• The growth model allows individuals to have 
different parameters of the growth curve

• The random coefficients (i.e., latent variables) are 
assumed to be normally distributed with unknown 
means, variances, and covariance(s)

• The variances of the random coefficients capture how 
much individuals differ in their change process

• Next logical question is whether there are 
determinants of these differences in change



Two common approaches

1. Include (time-invariant) variables as predictors of 
the random coefficients in a regression-type 
equation
• Regression-based approach
• In SEM, this leads to a MIMIC model and has also been 

referred to as including ‘extension’ variables

2. Use (time-invariant) variable(s) to create groups, 
and estimate growth models within each of the 
groups
• Multiple group growth model
• Common approach in SEM, but less common in MLM



Regression-based approach
(Path diagram)
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Regression-based approach

• Benefits
• Can include multiple variables simultaneously
• Interpretation of model parameters is familiar

• Limitations
• Assumed linear associations
• Interactive effects are often not considered
• Potential to include several unimportant variables, 

which may unnecessarily complicate interpretation
• Focus is on mean differences in random coefficients
• Scaling of variables is important



Multiple group approach
(Path diagram)
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Multiple group approach

• Benefits
• Parameter interpretation is straightforward, but 

understanding differences in change is more 
complicated

• Allows for the study of mean, shape, variance, and 
covariance differences in the change process

• Limitations
• Only one grouping variable is often considered 

• Can confuse effects of correlated variables
• Interactive effects are almost never considered

• If a continuous variable is dichotomized, the cutpoint is 
difficult to justify



Goal



Differences in change

• Examine predictors of change in a more flexible 
approach, and consider the following

1. Nonlinear associations
2. Interactive effects
3. Only include variables that are necessary

• For this, we consider machine learning techniques 
from regression 



Two regression-based 
machine learning approaches



1. Recursive partitioning

• Initially proposed by Morgan & Sonquist (1963)

• Became popular when Breiman et al (1984) 
developed the classification & regression tree 
(CART) algorithm



Recursive partitioning algorithm
(continuous outcome)

1. Define one DV and a set (many, p) of IVs
2. Partition the data into two nodes based on every 

unique value of each IV
3. Using the node mean as the predicted value, 

calculate the mean squared error (MSE)
4. Choose the split that minimizes MSE, and 

partition the data into two nodes based on this 
split

5. Reapply the Steps 2 & 3 separately on each node
6. Repeat until a final split is not warranted or a 

stopping criterion has been reached



Recursive partitioning



2. Lasso Regression

• Least absolute shrinkage and selection operator 
introduced by Tibshrani (1996)

• Introduces a penalty for the size of the parameters 
of a regression model

• With greater penalty, the regression coefficients shrink 
to 0 at different rates

• This leads to effects being eliminated from the model at 
different rates – performing variable selection along the 
way



2. Lasso Regression

• Lasso regression coefficients are found by 
minimizing the following loss function

�
𝑡𝑡=1
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where 𝜆𝜆 ≥ 0



Penalty Function

• As 𝜆𝜆 increases, the regression coefficients shrink

• Since regression coefficients depend on the scale of 
the variables, the input variables are standardized

• Penalty function does not include the intercept

• Lasso penalty tends to perform variable selection in 
addition to shrinking the regression coefficients

• Certain coefficients shrink to 0



Machine learning in SEM



Recursive partitioning

• Recursive partitioning was combined with SEM by 
Brandmaier, Oertzen, McArdle, & Lindenberger  
(2013)

• Data are partitioned into two nodes based on every 
unique value of the covariate set

• Researcher provided SEM is fit to each node, and the 
summed -2 log-likelihood (-2LL) is calculated

• The split that minimizes the -2LL is retained
• Process is repeated within each node until a stopping 

rule is reached

• Implemented in the semtree package
• Continues splitting until non-significant change in -2LL 



Lasso

• The Lasso was combined with SEM by Jacobucci, 
Grimm, & McArdle (2016)

• Adds penalty function to the maximum likelihood fit 
function

• Allows one-headed arrows in the path diagram to be 
penalized

• Can select which paths to penalize 

• Implemented as regsem package in R
• Can implement lasso, adaptive lasso, and cross-validated lasso



Illustration



Data

• Longitudinal data comes from the Early Childhood 
Longitudinal Study – Kindergarten (ECLS-K) Cohort 
of 1998

• Representative sample of more than 21,000 
students who were in kindergarten in the 1998-
1999 school year

• Data were collected in 1998/1999 (k); 1999/2000 
(1st), 2002 (3rd), 2004 (5th), and 2007 (8th)

• Assessments of the child, parents, teachers, and 
schools took place



Illustrative Data

• The sample was reduced to 250 children who were 
assessed at the first four assessments 

• Kindergarten & first grade assessments

• Outcome of interest is the child’s mathematics (theta) 
scores, which were rescaled

• Potential covariates included demographic (e.g., 
gender, paternal education, disability status, English 
home language, health) and school-readiness indicators 
(e.g., motor skills, attention, behavior ratings)



Illustrative Longitudinal Data



Linear growth model

• All modeling approach are based on the linear 
growth model

• Structural equation modeling specifications were based 
on a measurement occasion time metric with the 
intercept centered at the first occasion and the slope 
scaled in ½ year increments



Linear growth model 
(Intercept centered at first occasion)

Fit Statistics Model Parameters

Fit Statistic Value

-2LL 5,352

AIC 5,364

BIC 5,285

Parameter Estimate

Random Effects

Ψ00 30.21

Ψ10 -2.32

Ψ11 0.51

𝜎𝜎𝑒𝑒2 5.48

Fixed Effects

𝛽𝛽0 21.93

𝛽𝛽1 4.67



semtree model specification

• The fair algorithm was implemented

• Minimum sample size per node was set to 25

• Bonferroni correction was utilized



Model results



Splits
SEMtree with numbered nodes
|-[1] f_mtr >= -0.3037867785 [N=250 LR=4745.11, df=9]
|   |-[2] TERMINAL [N=86]
|   |-[3] momed >= 0.4581647954 [N=164 LR=3135.3, df=9]
|   |   |-[4] TERMINAL [N=73]
|   |   |-[5] TERMINAL [N=91]



semtree – forest variable 
importance

• Fine Motor – 43.4%
• Paternal Education – 15.2%
• Maternal Education – 14.9%
• Age at Kindergarten Entrance – 8.2%
• Poverty Status – 6.4%
• Attention – 5.4%
• Gross Motor – 1.8%
• Impulsivity – 1.6%



regsem model specification

• The effects on the intercept and slope were 
penalized using the adaptive lasso (Zou, 2012)

• Adaptive lasso accounts for the fact that the intercept 
and slope are in different scales

• Five hundred values of the tuning parameter were 
used

• The BIC was used to determine which effects on 
the intercept to retain



regsem Results

• Retained effects on the intercept included maternal 
education, paternal education, poverty status, 
impulsivity, and fine motor skills

• No effects were retained on the slope



Retained parameters 
(unpenalized)

Parameter Estimate Standard Error t-value

𝛽𝛽00 17.732 0.883 20.080

𝛽𝛽01 (Mother Education) 1.132 0.276 4.106

𝛽𝛽02 (Father Education) 0.561 0.284 1.978

𝛽𝛽03 (Poor) -3.920 0.921 -4.255

𝛽𝛽04 (Fine Motor) 1.826 0.236 7.724

𝛽𝛽05 (Impulsivity) -0.689 0.260 -2.651

𝛽𝛽10 4.669 0.080 58.284



Discussion



Reducing complexity

• All approaches reduced complexity of the model

• Approaches identified some similar ‘important’ 
variables for understanding mathematics 
trajectories

• Fine motor skills & mother education

• Lasso approach also identified unique variables
• Father’s education, poverty status, & impulsivity



Results with all potential 
predictors
Intercept Predictors

Estimate  Std.Err
gender     -0.754    0.585
k_age 0.876    0.295
app_ln 0.528    0.308
slf_cn 0.223    0.389
social      0.617    0.311
sad_ln 0.173    0.358
impuls -0.629    0.360
health      0.116    0.305
lang 1.597    2.030
disabl 0.354    0.790
momed 0.943    0.343
daded 0.674    0.348
poor       -3.661    1.137
f_mtr 1.736    0.309
g_mtr 0.386    0.308

Slope Predictors

Estimate  Std.Err
gender      0.018    0.164
k_age -0.271    0.083
app_ln 0.025    0.086
slf_cn 0.041    0.109
social     -0.191    0.087
sad_ln -0.082    0.100
impuls 0.076    0.101
health     -0.009    0.086 
lang -0.880    0.570
disabl -0.101    0.222
momed 0.029    0.096
daded -0.055    0.098
poor       -0.207    0.319 
f_mtr 0.003    0.087 
g_mtr -0.095    0.087



Packages

• regsem allows for several types of regularized SEM 
(ridge, lasso, adaptive lasso, elastic net) and is very 
efficient

• Currently requires complete data, and we are working on 
FIML estimation

• semtree was also very efficient and allows for 
multiple types of CART algorithms (naïve, fair, fair3, and 
cross-validation)

• More difficult to set a minimum change in model fit (based 
on significance level)

• Allows for random forests



Packages (based on MLM)

• lmmlasso worked well, but is limited to linear 
mixed-effects models. 

• Having participants with a different number of 
responses seemed to be an issue.

• longRPart was fairly efficient and allows for 
nonlinear and linear mixed-effects models. 

• Working on more efficient estimation/specification 
routines to make random forests a possibility

• Allows for incomplete data in the outcome



Key challenge

• A key challenge is determining what is an 
‘important’ change in model fit

• All approaches depend on model comparisons 
based on fit

• semtree uses a Bonferonni correction, which increases 
the amount of change in -2LL that is needed 

• longRPart2 allows you to set a minimum required change in 
-2LL

• regsem and lmmlasso typically use the BIC, which 
attempts to balance fit and parameters



-2LL effect size

• It may also be appropriate to think about changes 
in the -2 log-likelihood as a measure of effect size 
for multivariate models

• If this is possible, what effect size would lead us to 
keep the more complex model 



Thank you!!

Kevin J. Grimm
kjgrimm@asu.edu
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